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By Whitham's shock dynamics, axially symmetric diffraction problems of plane shocks by 
cones are reduced to the integration of a system of ordinary differential equations. This paper 
gives a simpler approach. Approximating the Mach stems by circular arcs, the problems are 
reduced to the solution of algebraical equations, and the calculating is much simplified. In the 
cases of small or large cone angles the estimation is even easier.

1. The Differential Equations Based on Whitham's 
Shock Dynamics

Whitham [1,2] has presented an approximate 
theory -  shock dynamics -  which describes the 
propagation of shocks. In axially symmetric diffrac­
tion problems of plane shocks by cones, the only 
parameters prescribed in the problem are the initial 
Mach number M0 and the cone angle 0W; there is no 
characteristic length. Hence the solution is self- 
similar, the shock Mach number M and the ray 
angle 9 must be functions of the single variable rj, 
the angle coordinate (see Figure 1). Whitham has

Fig. 1. Diffraction of plane shocks by cones.

given the following differential equations for the 
present problem based on his shock dynamics ([2], 
(52), (53)).
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where A is the ray area, which represents a known 
function of M

A = f(M ) (3)

(its particular form may be seen in [3], p. 8).
At the shock-shock, where // = /  (with /  the 

shock-shock angle), the following shock-shock rela­
tions must be satisfied ([2], (54))
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The procedure for finding solutions for a given M0 
is to choose a value for M\, then /  and 0\ can be 
found from the shock-shock relations (4). From this 
point (// = /, 6 = 0 1", M =M \) the equations (1), (2) 
are integrated over the curved shock unto 6=  rj. 
This common value represents the cone angle 0W, 
which corresponds to the chosen value of Mx. 
Hence the solution of the problem is reduced to the 
numerical integration of a system of ordinary dif­
ferential equations.

2. Bryson's and Gross' Approximation 
for Large Cone Angles

To simplify the solution of (l)-(3 ), Bryson and 
Gross [3] have applied straight lines to approximate 
to the shock shape in a meridian plane, namely it is 
regarded as if there is a uniform state in the 
disturbed region. If the shock-shock relations are 
applied, the obtained relations are the solutions for 
the diffraction of plane shocks by wedges (Figure 2).

M\ 
~Mo 
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Considering the effect of area variation in the case 
of axial symmetry, the second equation is changed 
to ([3], (2))
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For M > 1, (3) yields A/A0 =(M0/M )n with n = 
5.0743, the calculated result of this approximation

has been plotted in Fig. 3 (see also [3], Figure 11). 
Comparing this curve (6) with the result of the 
numerical integration of (1) and (2), the agreement 
is good only for large cone angles, because the Mach 
shock in the disturbed region is straight in that case.

3. Whitham's Small Perturbation Solution

Whitham has given a small perturbation solution 
for little cone angles ([2], (74), (75), (76)):

3 , | M0 I dm \ 12
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where B =
M d A
A dM

1/2

M= Mo
is a constant depend­

ing on M0([2], (19)) and m is a known function of 
M ([2], (46)). The result for M > 1 has been plotted 
also in Figure 3.

4. Arc Approximation of the Mach Shock Shape

Here we give an approximation for all cases. In 
the problem of diffraction of plane shocks by cones, 
the shock shape in a meridian plane cannot be any 
straight line except for the plane shock, because 
there is the effect from the axial symmetry. If 
d0/dt]= 0, it follows from (1) and (2) that

dM
drj

= 0 and 0 = 0.

Fig. 2. Straight Mach shock shape approximation.

The ray angles raise gradually from 0\ at the shock- 
shock to 0W at the wall of the cone. We apply 
circular arcs which are perpendicular to the rays at 
the shock-shock and the wall, to approximate the 
shock shape (see Figure 4). Thus the configuration 
depends on the three parameters /, 0\ and 0W; the 
length factor is not important because of self- 
similarity.



322

2Ü-

2(f

16'

'12'

Shanbing Yu and H. Gronig ■ Axially Symmetrie Diffraction of Plane Shocks by Cones 336

X=26w

l ^ m

: (12)
y

(18) -A
/

f  ! ---- (17)

j
(6) ^ v ^ ^

0° 10° 20° 3Cf U(f 50° 60° 70° 80°
vw

Fig. 3. Shock-shock angle /  vs- cone angle 
0W for MP 1. The numbers represent those 
of the equations given in this paper.

Fig. 4. Arc approximation of the Mach shock shape.

For the present approximation the following rela­
tions hold
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where R is the radius of the arc, /■ the distance from 
the axis, and ,y the coordinate in axial direction (see 
Figure 4). Equations (8) and (11) give the depen­
dence of 9 and M with rj, and (9) and (10) represent 
the shape of the Mach shock.

The problem is now reduced to determine the 
relation between the cone angle 9W and shock-shock 
parameters (M,, /, 0,).

From the definition of A (see [1], [2])

A dß=dQ ,

where Q is the area of the shock and ß is the one of 
Whitham's curved coordinates, tangential to the 
shock surface, i.e. ß = const, represent rays. Hence, 
integrating dQ/A from the ray at the wall of the 
cone to another one in the undisturbed and dis­
turbed region, the same value is obtained: 

nrr , 2 n r
= J — Äd0,

A
that is

An R
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= 2 J - f - d  9.
o, A r

A is a known function of M (see (3)), and M{9) and 
r{9) are given by (8), (9), and (11). Hence this 
equation represents a relation between M\, 9\ and 
9W. We may approximate the integral by the mean 
value of the integrand taken at the two boundaries:

A\ /'i I A1 rw\ 
A0R \ Aw /•,/

Substituting (4') and (9) into this relation yields 
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Aw K sin -  sin 9\
(0W-Ö,), (12)



Shanbing Yu and H. Gronig ■ Axially Symmetrie Diffraction of Plane Shocks by Cones 323

which represents the equation relating the cone 
angle 0W to the shock-shock parameters. A is the 
known function of A/, and from (11) follows

A4 
A/t

(K - 1) sin ^
(13)

cos (/ -  Oi) (K sin 0W -  sin 0X)
We have also plotted the calculated result for M > 1 
as circles in Figure 3. It can be seen that it is in 
good agreement with the result from the numerical 
integration. Whitham [2] has given the result for 
M|/Mo= 1.2 (M > 1) (01 = 22.4°, /=35 .8°): 0W = 
28.8°. Our result is 0W = 28.7°. The distributions of 
0 and M/Mq as functions of rj are obtained from (8) 
and (11), the shape of the shock is given by (9) and 
(10) or by the geometrical construction of the 
arc. Comparing with [2] (Figs. 6, 5 and 4) the agree­
ment is very good (see Figs. 5, 6, and 7).
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Fig. 5. Distribution of d with r\ for A/,/M0 = 1.2 (M > 1).
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Fig. 7. Shape of shock wave for M\ /A/0 =1.2 (M 1).

5. Precision of the arc Approximation

At the wall of the cone rj= 0 = 0W. Thus it follows 
from (1) and (2) that

dM/d// = 0 
dO/dr] = -  1

for t] = 0=  0W.
(14)
(15)

1.2

For our arc approximation the first condition is 
satisfied automatically. If we obtain the equation 
which relates 0W and the shock-shock parameters 
from condition (15), it follows

sin(7 -  0i) = 2 sin(/ -  0W). (16)

The result calculated from (16) has also been 
plotted in Figure 3. Generally speaking, there is 
some error. It may be regarded that the arc approxi­
mation for the shock shape can have a precision up 
to the first order of differentiation (namely 0).

j 20-------------------------------- ------------28° 29° 30° 31° 32° 33° 34° 3<f 36°
V

Fig. 6. Distribution of M/M0 with rj for M\/Mq =
oM> 1).
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6. Two-sided Approximation

For 0, i.e. Mx —>► M0, we denote /  = 
which then depends only on M0 and is identical 
with m in Whitham's and Bryson's and Gross' 
papers. It represents the angle along which the 
shock perturbation propagates.

As 0\ = 0. 0W obtained from (16) is not equal to 
zero, hence (16) is only valid on the right-hand side 
of the median line in Figure 3.

If the approximation sin i  ~ a is applied to (16), 
it becomes

X+ 0\ = 26w\ (17)

the difference between the two results from (16) and 
(17) is not large (see Figure 3).

For small cone angles, zero order approximation 
is applied, that means

X = Xo for any 0W . (18)

If one joins (17) and (18), the following two-sided 
approximation may be formulated

x + 0 x = 20w for dw^xo/2 , (17) 
Z = Xo for 6w^xo/2 . (18)

0W = xq/2 may be regarded as the boundary between 
small and large cone angels. The nearer 0W ap­
proaches to xo/2 the larger the error becomes.

The physical meaning of this two-sided approxi­
mation may be seen from Figure 8. In the region of 
large cone angles, 0W is related to (/, 9X) at shock- 
shock approximately by d0/dt] = — 1 (namely (17)); 
however, in the region of small cone angles, all 
points at the wall of the cone are related approxi­
mately to the same point 6 = 0, /  = xo al the shock- 
shock (namely (18)).

7. Conclusion

For the axially symmetric diffraction problem of 
plane shocks by cones we may apply circle arcs to
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Fig. 8. Correspondence between cone angle and shock- 
shock.

approximate the Mach shock shape. The distribu­
tion of ray angle 0 and Mach number M are 
obtained by (8) and (11), the shape of the Mach 
shock is determined by (9) and (10). Equation (12) 
with the addition of (13) and (3) relates the cone 
angle 0W with the shock-shock parameters. This 
approximation is very good.

Most simply, for a first assessment with nearly no 
calculation, the cone angle 0W may be related to the 
shock-shock parameters by (17) or (18). In the cases 
of small or large cone angles the approximation is 
good, but the nearer approaches to / 0/2 the 
larger the error becomes.
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